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Abstract. In this paper, we study pointed rank one Hopf algebras and Hopf-Ore exten- 
sions of group algebras, over an arbitrary field k. It is proved that the rank of a Hopf-Ore 
extension of a group algebra is one or two or infinite. It is also shown that an arbitrary (fi- 
nite or infinite dimensional) pointed Hopf algebra of rank one is isomorphic to a quotient 
of a Hopf-Ore extension of its coradical, a group algebra. We classify the finite dimen- 
sional simple modules and describe a family of indecomposable modules over a Hopf-Ore 
extension H = kG(x, a, S) and its quotient H' of rank one, where x( a ) + 1, G is an abelian 
group and k is an algebraically closed field. The decomposition of the tensor products of 
two finite dimensional simple modules into a direct sum of indecomposable modules is 
given too. We also determine all simple objects and a family of indecomposable projective 
objects in the categories of all weight modules over H and H'. 



Introduction 

A ring R is said to be an invariant basis number (IBN) ring if for every free left R- 
module M, any two bases of M have the same cardinal, which is defined to be the rank of 
the free module M in this case. For a Hopf algebra H over a field k, let Hq c Hi c // 2 £ ■ ■ ■ 
denote the coradical filtration of H. Krop and Radford defined the rank as a measure of 
complexity for Hopf algebras in [3 1, which equals the rank of Hi /Hq as a free //o-module. 
The definition of the rank of a Hopf algebra H depends on the IBN property of Ho. 

Let H be a Hopf algebra over a field k. Assume that the coradical Ho is a Hopf subal- 
gebra of H, and H is generated, as an algebra, by H\. Let k be the trivial right //o-module 
given by the counit e, Hi a left //o-module by multiplication. Then the rank of H is de- 
fined to be dimi(fc<g>H Hi)—1 (see [3|). Krop and Radford classified all finite dimensional 
pointed Hopf algebras of rank one over k, where k is an algebraically closed field of char- 
acteristic 0, and gave a presentation of these Hopf algebras by generators and relations in 
[3 1. Scherotzke studied such Hopf algebras for the case of char(£) = p > in Q. 

In this paper, we study Hopf-Ore extensions of group algebras and classify the (infinite 
or finite dimensional) pointed Hopf algebras H of rank one over an arbitrary field k. We 
also investigate the representations of these Hopf algebras. The paper is organized as 
follows. In Section 1, we present some basic definitions and facts about Hopf algebras 
and Hopf-Ore extensions. In Section 2, for any group G, we compute the rank of Hopf- 
Ore extension kG[x; t, 6] = kG(x, a, 6) of kG, where r is an automorphism of kG, 6 is a 
r-derivation of kG, ^ is a fc-valued character for G and a e Z(G), the center of G. We 
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show the following results: if char(A:) = and x(a) is an «-th primitive root of unity 
for some n > 2, then the rank of kG(x, a, 6) is two; if char(fc) = p > and x( a ) is 
an AMh primitive root of unity for some N > 1, then the rank of kG(x,a,S) is infinite; 
otherwise, the rank of kG(x, a, 6) is one. In Section 3, we classify the (infinite or finite 
dimensional) pointed Hopf algebras H of rank one over k. We prove that such a Hopf 
algebra H is a quotient of Hopf-Ore extension of its coradical Ho = kG(H), where G(H) 
denotes the group of the group-like elements of H. Hence we obtain a presentation of 
these Hopf algebras by generators and relations. In Section 4, we study the representation 
theory of the Hopf algebra H = kG(x, a, 5), the Hopf-Ore extension of kG, and its quotient 
Hopf algebra H' = H/I of rank one, where x(a) + 1, G is an abelian group and k is an 
algebraically closed field. We classify all finite dimensional simple modules and a family 
of indecomposable modules over H and H' . We describe the decompositions of the tensor 
products of two finite dimensional simple modules into a direct sum of indecomposable 
modules. We also determine the simple objects and a class of indecomposable projective 
objects in the categories of all weight modules over H and H' . 

1. Preliminaries 

Throughout, we work over a field k. Unless otherwise stated, all vector spaces, tensor 
products and linear maps are taken over k, and dim means dim^. Our reference for basic 
concepts and notations about Hopf algebras is |4 |. In particular, for a Hopf algebra, we will 
use e, A and S to denote the counit, comultiplication and antipode, respectively. We use 
Sweedler's notations for the comultiplication and coaction. Let Z be the set of all integers, 
and N the set of all nonnegative integers. Let k x — k\ {0}. For a group G, let G denote the 
set of characters of G over k, and let Z(G) denote the center of G. 

Let C be a coalgebra. The coradical Co of C is defined to be the sum of all simple sub- 
coalgebras of C. C is called pointed if every simple subcoalgebra of C is one dimensional. 
The coradical filtration {C„}„ £ n of C is defined inductively as follows 

C„ := A _1 (C ® C„-i + Co ® C), n > 1. 

Then we have the following lemma (See [4, Theorem 5.2.2]). 

Lemma 1.1. {C„}„>o are a family of subcoalgebras of C satisfying 

(1) C n c C n+ i for all n > and C — [J C„, 

«>o 

(2) AC„ c £ Q (8 C„-ifor all n > 0. 

Any set of subspaces of C satisfying conditions (1) and (2) in Lemma [TTI is called a 
coalgebra filtration of C. 

Now let us recall the concept of the rank of a Hopf algebra defined in Q. 

Let H be a bialgebra. Assume that V(0) Q V(\) Q y (2) c ■ • • is a series of subspaces of 

n 

H satisfying AV(„) c £ y (i) ® V(„_;) for all n > 0. Then V(„) is a subcoalgebra of H for any 

!=0 

DO 

n > 0. Let V = (J V(„). Then V is a subcoalgebra of H, and V(0) c y (1) c Vpy c • • ■ is 
«=o 

a coalgebra filtration of V. Suppose further that V(p) is also a subalgebra of H and has an 



HOPF-ORE EXTENSIONS AND POINTED HOPF ALGEBRAS OF RANK ONE 



3 



antipode. Then K = V(p) is a Hopf algebra. Assume that V( n ) is a /T-submodule of H under 
left multiplication for all n > 0. 

Recall that H is a left //-comodule under the comultiplication. In this case, all subcoal- 
gebras of H are left subcomodules of H. Let V(_i) = and (2(«) = V^y/V^-i) for all n > 0. 
Since AV(„) c K® V( n) + V( n ) ® V(„-i), it follows that Q(„) is a left /f-comodule for all n > 0. 
Thus with the quotient left ^-module structure and the left ^T-comodule structure above, 
Q( n ) is a left ^T-Hopf module. Therefore, (2(n) is a free left /f-module with a -basis being 
any linear basis of — {z e Q( n )\Pn(z) - 1 ® z) by the Fundamental Theorem of Hopf 
modules flU Theorem 1.9.4], where p„ is the comodule structure map of Q( n )- It follows 
that V(„) is a free left ^-module for any n > 0, and consequently V is a free left ^-module. 

Let M be a free left /f-module, the trivial right /f-module. Then any ^T-basis of M 
has DirmXfc M) elements, which is observed in [3|. This means that K is an IBN ring. 

Theorem 1.2. A bialgebra is an IBN ring. In particular, a Hopf algebra is an IBN ring. 

Proof. Let B be a bialgebra with the counit s : B — » k. Since s is a nonzero epimor- 
phism and k is an IBN ring (In fact, any commutative ring with identity is an IBN ring [ 1 
Corollary 2.12]), it follows from [Q] Proposition 2.1 1] that B is also an IBN ring. □ 

Let H be a Hopf algebra, Hq c H\ c ff 2 c ■ • ■ the coradical filtration of H. Assume 
that Ho is a Hopf subalgebra of H. Then each H, is a free //o-module. 

Definition 1.3. (See Q) Let Z/ be a Hopf algebra, H$ Q H\ cfl 2 £ ■■■ the coradical 
filtration of //. Assume that ffo is a Hopf subalgebra. If // is generated by H\ as an algebra 
and Dimt(fc ®// H\) — n + 1, then we say that // is a Hopf algebra of rank n. 

A coalgebra C is graded if there exist subspaces {C(„)}„>o of C such that C = (J) C(„j 

K>0 

and A(C(„)) c £ Qo ® C(„_,) for all n > and e(C(„)) = for all « > 0. If this is the case, 

n 

then C ® C is also a graded coalgebra with grading (C ® C)(„) = 2 Qo ® Qn-o- Moreover, 
the comultiplication A:C— >C®C of C is a graded map. 

Recall that a group-like element in a coalgebra C is an element g £ C with A(g) = g®g 
and e(g) = 1. The set of group-like elements in C is denoted by G(C). For g,h e G(C), 
c e C is called (g, /i)-primitive if A(c) = c®^ + /z®c. The set of all (g, /i)-primitives is 
denoted by P g j,(C). Let H be a Hopf algebra. Then G(//) is a group. For g, h e G(H), if 
c € then g- x c E P hg -i h (H) and c/j" 1 e P gh -i ^H). 

Now we introduce the notion of Hopf-Ore extension. 

Let A be a fc-algebra. Let t be an algebra endomorphism of A and 5 a r-derivation of 
A. The Ore extension A[y; r, <J] of the algebra A is an algebra generated by the variable y 
and the algebra A with the relation ya = r(a)y + 5(a) for all a e A. If {a,- | i € /} is a &-basis 
of A, {fl,y | / e /, jf s N) is a ^-basis of A[y; t, 6] (see 0). 

Definition 1.4. ([5, Definition 1.0]) Assume that A and A[y; r, 5] are Hopf algebras. The 
Hopf algebra A [y; r, 5] is called a Hopf-Ore extension of A if A(y) - y®r\+r2 ®y for some 
r\, T2 e A and A is a Hopf subalgebra of A[y; r, 5]. 
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Remark 1.5. In Definition 11.41 one can easily check that both r\ and ri are group-like 
elements. Replacing the generating element y by yfZ , we can assume that the element y 
satisfies the relation 

A(y) = y ® r + 1 ® y 

for some group-like element r e A. Here we make some modification for A(y), which is 
assumed to be A(y) = y® 1 + r®y in @. Hence there are also some corresponding changes 
in the following Theorem ll.6l and related results from the original ones in ||5l . 

If A[y; t, 6] is a Hopf-Ore extension of A, then s(y) = and S (y) - -yr~ l , where S is 
the antipode of A [y; t, 6] . 

Theorem 1.6. ([[5] Theorem 1.3]) Assume that A and A[y\T,S] are Hopf algebras. Then 
A[y; t, 6] is a Hopf-Ore extension of A if and only if the following conditions are satisfied: 

(a) there is a character x ■ A —* k such that t(o) — 2 a\X( a 2) for all a e A; 

(b) 2 CL\X( a i) — TjX( a i) ac lr( a 2)for all a £ A, where ad r (a) — rar~ l ; 

(c) A5{a) = 2 <5(«i) ® rai + 2 «1 ® 8(02) for all a € A. 

Let 6 e Endjt(A). 6 is called an r-coderivation if A6(a) = £ 6(ai) <g> r«2 + 2 «i ® <5(a2X 
a e A. S is said to be a (y, r)-derivation if 5 is a r-derivation and an r-coderivation, where 
X is a character of A determined by r as in Theorem ll.6f a). 

Notation 1 .7. Denote the Hopf-Ore extension A [y; r, 6] by AOt, r, S), where x ■ A — > is a 
character, r is a group-like element of A as in Theorem ll.6l and 5 is a (x, r)-derivation. 



Let A = kG be a group algebra, ^ a character of fcG. A linear map a : kG — * k is called 
a 1-cocycle of G with respect to^- if a(gh) = a(g) + x(g) a Q0 f° r a U g, h e G. Let Z l x (G) 
denote the set of all 1-cocycles of G with respect io X- 

Theorem 1.8. f[5, Proposition 2.2] J Every Hopf-Ore extension of A = kG is of the form 
A(x, r, 6), where x is a group character, r 6 Z(G), and 5(a) — 2 fl i(l — r)a(a2) for some 
a e Zj(G). 



Let + q e k. For any integer n > 0, set (n) q - I + q-\ vq" . Observe that (n) q = n 



when q — 1 , and 



(n) a = 



q" - 1 
~q~\ 



when q + 1. Define the ^-factorial of n by (0)! 9 = 1 and {n)\ q = (n) q (n - \) q ■ ■ ■ (l) q for 
n > 0. Note that (n)\ q - nl when q = 1, and 

( " )!? = 

when n > and g 1. The g-binomial coefficients 



n 
m 



is defined inductively as 



follows for < m < n: 



n 




for n > 0, 
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( 1 > 

n — 1 




( 


1 " 


n 


= <r 




n - 






+ 




1 , 


, m , 


a 


, m , 


a 


m — 



It is well-known that 



n 
m 



for < m < n. 



is a polynomial in q with integer coefficients and with value 



at q = 1 equal to the usual binomial coefficients 



n 
m 



, and that 



n 
m 



(m)lg(n - m)\ q 



n 
m 



■ Ofor all 1 < m < n 



when (« - 1)! ? + and < m < n (see d Page 74]). 

Lemma 1.9. (||6l Corollary 2] ) LetO + q e kandn > 1. Then 
if and only if 

(a) charik) — one/ q is a primitive n-th root of unity, or 

(b) char(k) — p > awe/ q is a primitive N-th root of unity, where n — Np r with p \ N 
(N > 1, r > 0). 

2. The ranks of Hopf-Ore extensions of a group algebra 

In this section, assume that H = kG[x; t, 6] is a Hopf-Ore extension of kG, where G is 
a group. By Theorem ll.81 H = £G0f, a, <5), where x e G, a e Z(G) and 5(g) = g(l -a)a(g), 
geG, for some a e Zj,(G). 

We have that a^g/i) = a(g) + x(g)a(h) for all g,heG. It follows that 
a(g') = a(g)(l + X (g) + ■■■ +Xigt l \ geG,i>l, 
and a(l) = 0. Hence a(g _1 ) = -x(g^ 1 )a(g), g £ G. 

By the definition of Hopf-Ore extension, we have that 

g~ xg = x(g) x + a (g)(J ~ a )> A(jc) = x<g>a + l(g>x, g & G. 

Now we can simplify the presentation of H — kG(x, a, 6) by changing the generator x, 
depending on the values of^-(a) and a(a). 

Case 1: x( a ) £ 1. In this case, set x' — x — ^"^ (1 - a). Then for any g e G, we have 



' — I a(a) / -i \ 

x'g = g l xg- t4w (1 ~ fl) 

= ^)Jf + ote)(l-a)-i^(l-fl) 

X(a) ' ~ v * y l-^-(a) 



= X(g)x' + (^ + a(g)-^)(l-a) 



= X(g)x' + j^(x(g)a(a) + a(g) - a(g)x(a) - a(a))(l - a) 
= X(g) x ' + T^(a)( a (g a ) ~ a (ag))(l - a) 
= X(g)x'- 

H is generated, as an algebra, by G and x' . Thus, replacing the generator x by x', one can 
assume that g~ l xg - x(g) x > g ^G, and A(x) = x®a + \®x '\n this case. 
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Case 2: x( a ) = 1 an d a ( a ) = 0. In this case, a l xa = x. 



Note that if \a\ — n < oo with^-(a) = 1, char(fc) = 0, or char(£) = p > and p \ n, then 
we have 

= a(a n ) = a(a)(l +x(a) + Vxi a T~ l ) = na(a), 

which implies that a(a) = 0. 

Case 3: x( a ) - 1 an d o(a) + 0. In this case, we have aT x xa — x + a(a){\ - a). Set 
x' = a{a)~ l x. Then cC x x'a = xf + (1 — a) and A(x') = x' ® a + 1 ® x' . Moreover, H is 
generated, as an algebra, by G and x' . Hence by replacing x with x\ one can assume that 
aT x xa — x + (1 - a) and A(x) = x ® a + 1 ® x in this case. 

Lemma 2.1. Assume that B is a bialgebra. Let a € G(B) and x e B with A(x) = x®a + 1 ®x 
Let q,B e A; w/f/i q + 0. T/ien we /zave the fallowings: 

(a) ([3] Eq. (1)]) /f xa = gax, f/jen 

n 

A(x") = ^ 



n 



/ 



x""' ® a""'*', n > 0. 



(b) If xa — qax + Ba{\ — a), then for any n > we have 



A(*") = Yu " x"-'® fl "-V + P„, P n e J (B(i)®B(f)), 

i+j<n-l 



1=0 V /<? 



where B(i) = spanja x' \ I > 0}far i > 0. 

(c) (0 Corollary 4.10]) Assume that char(k) — p > 0. /fxa = ox + a(l - a), then 
A(x p ) = x p ® a p + (p - l)lx ® a p + x ® a + 1 ® x p , 



(d) Assume that char(k) — p > 0. If xa — ax + a(l — a), then for all r > 1, 
A(x pr - x''"' ) = (x pr - x p '~ X ) ® + 1 ® (x^ - x' y '~' ). 



Proof Part (b) can be shown by induction on n using (a). For Part (d), by Part (c), we have 

A(x p - x) = x p ® a p + {p - \)\x® a p + x® a + \ ® x p - x® a - \ ® x 
= (x p - x) ® a p + 1 ® (x p - x). 

Note that xa p = a p x, and so ((x p - x) ® a p )(\ ® (x p - x)) = (1 ® (x p - x))((x p - x) ® a p ). 
Thus, when r > 2, we have 

A(x pr - x pr ~' ) = A[(x'' - xY' 1 ] = [A(x p - x)]P"' 

= [(x^ - x) ® aP + 1 ® (jc p - x)]' /_1 

= [(x p -x)® a p ] pr ~' +[l®(x p - x)Y~' 

= (x p ' - x p '^ ) ® a p ' + 1 ® (x pT - x p '~ ] ). 



Note that H has a A:-basis {gx l \ g e G,i > 0}. Let H(n) = span{gx" | g e G) and 
H[n] = span{gx'' | g e G,0 < i < n], n > 0. Then #[0] = ff(0) = H = kG and 
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H[n] = 0#(z) for n > 0. By Lemma O H[0] Q H[l] c #[2] C - •• is a coalgebra 

i=0 

filtration of //. 

In the rest of this section, write q = x(a) for simplicity. 

DO 

Proposition 2.2. In Cases 1 and 2, // = //(«) is a graded coalgebra. 

n=0 

Proof. Since a^'xa = in Cases 1 and 2, it follows from Lemma l2~TT a) that A(H(n)) c 
(H(i) ® H( j)) for all n e N. Obviously, s(H(n)) = for all n > 0. This completes the 

proof. □ 

oo 

Lemma 2.3. Asswwe f/zaf C = is a graded coalgebra. Let g,h e G(C) anc/ ief 

i=o 

« 

y = 2 y,- e C wif/i y,- € Cq. 77ien y is a (g, h)-primitive element if and only if each y,- is a 

i=0 

(g, h)-primitive element. 



Proof. Since C = is a graded coalgebra, the comultiplication A preserves the grad- 

/=() 

ing. Hence 

i 

Ay e (C <g> C) (0 := C (>) <g> C^, < i < n. 

7=0 

By 0] Lemma 5.3.4], &G(C) c Co c C (0 ), and hence y t ®g + h® y, € (C <8> C) (i) for all 

« n 

< i < n. Now we have A(y) = 2 A(y,) and y ® § + /i ® y = 2 (y,- ® g + h ® y,). It follows 

i=0 i=0 

that A(y) = y®g + /z(g>yif and only if A(y,) - yi® g + h®yi for all < i < n. □ 

Lemma 2.4. fj4] Theorem5.4.1]J Assume that C is a pointed coalgebra. LetCo = kG(C) c 
C\ C Ci C ■ • • fee f/ze coradical filtration of C. Then 

(a) Ci = kG(C) ffi (® g ,heC(C)P' /,(OX vv/zere P' ,(C) is a subspace of P g j,(C) such that 
P g , h (C) = k(g-h)®P' gh (C), 

(b) /or any n > 1 ami c e C„, c — Y*g,heG c g,h' where Ac g j, = c g j t ® g + h® c g j, + w for 
some w 6 C„-\ ® C n -\, 

We now analyze the term H\ in the coradical filtration of H. 

Theorem 2.5. (a) Assume charik) — 0. If q is a primitive n-th root of unity for some n > 2, 
then the rank of H is 2 and Hi = Ho ffl HqX ffi HqX"; otherwise, the rank of H is 1 and 
#i = H ® H x. 

(b) Assume char(k) — p > 0. If q is a primitive N-th root of unity for some N > 2, then 
the rank of H is infinite and H[ — Hq ffi Hqx ffi {® r >oHox Np ); if q — 1, then the rank ofH is 
infinite and H\ — Ho® (® r >oHox p ); otherwise, the rank ofH is 1 and H\ — Hq ffi HqX. 

Proof. By Lemma |2~4l a) we know that Hi is spanned by all group-like elements and skew 
primitive elements. Hence we need to compute all {g, /i)-primitive elements for all group- 
like elements g, h. Note that y € H is a (g, ^-primitive element if and only if h~ l y is an 
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(h l g, l)-primitive element. Hence we only need to describe the (g, l)-primitive elements 
for any g e G. 

We first consider Cases 1 and 2. In these cases, we can assume that 
cT 1 xa = qx, A(x) — x ® a + 1 ® x. 

Let & h e H with A(h) - h ® g + 1 <g> h for some g e G. By Proposition 12.21 and 
Lemma |231 we only need to consider the case that h e H(i) - Hqx', i > 0. If h £ Ho, then 
h — {3(1 - g) for some /3 e k x . If h e Hqx, then h - 2iec Pbbx, fib e k. Comparing the both 
sides of the equation 

^ P b (bx ®ba + b®bx) = (^Pbbx) ® g + 1 ® #,fac), 

we have that = if b + 1. Hence /z = f5\x, and so g = a. Thus 

/; = [i\x, A(h) = h ® a + 1 ® /z. 
If /i e //ox" for some n > 2, then h = 2iec Pbbx", fib e k. Hence we have 

n I \ 

Yj^Yj " bx "~ l ® = (2^ jc " ) ® * + 1 ® (Z^ 6 ^* 



ieC /=0 



fceG 



fteG 



from which one knows that fit = if b + 1. Thus, h = fi\x n , 



for all 1 < I < 



n — 1, and g = a". By Lemma [L9l char(fc) = and q is a primitive n-th root of unity, or 
char(/c) = p > and q is a primitive A^-th root of unity, where n = Np r with p \ N, N > 1 
and r > 0. This proves the theorem for Cases 1 and 2. 

Now we consider Case 3. In this case, 

cT x xa — x + (1 — a) A(x) — x ® a + 1 ® x. 



Let # h = E^oEieoA 1 *.*)^ G //, where /?(/,&) e fc, and y3(n,Z>) * for some 
b e G. Assume A(/z) = /z®g+l®/j for some g e G. Then 



2 2 2£0» 

1=0 fcEC i=o 



bx' 



i=0 faeC 



= 22 fli, *)W a s + i ® 2 2 /3(i, 

i=0 fceC i=0 ieG 

where P,'s are the elements described as in Lemma l2~TT b). Note that [x 1 ® x J | i, j > 0} is a 
basis of H ® H as a free ffo ® //o-module, and {fox' ® ex* \ i, j > 0, b, c 6 G} is a £-basis of 
H ® H. So we can compare the coefficients of the two sides of the above equation. 

( 1 ) If n — 0, then obviously h — /3( 1 — g) for some £1 e k x . 

Now we consider the case of n > 1. By comparing the coefficients of 1 ® x", one gets 
that P(n, b) — for all b + 1. Hence yS(n, 1)^0. By comparing the coefficients of x" ® 1, 
one gets thatg = a". 

(2) If n = 1, then g = a and h = ho + fix e H[l] for some ft e #(0) and yS e fc x . Since 
H[l] = H(0) ffi H(l) is a graded coalgebra, by Lemma [23] a similar argument as above 
shows that h = /3q(1 - a) + fSx for some fio e ^. 



HOPF-ORE EXTENSIONS AND POINTED HOPF ALGEBRAS OF RANK ONE 



9 



(3) If n > 2, by comparing the coefficients of x" 1 <g> x' (0 < I < n), one gets that 
\ 



P(n, 1) 



= for all < I < n. This forces char(£) = p > and n — p r for some 



n 

r > 1 by Lemma [L9l Set nj = n, n = r, h x = h. Then h 2 := h-f3(p r \ l)(x pn - x p '^) 
is an , l)-primitive element by Lemma ETJd). If + h 2 — X"=n Ziisc t0> such 
that y(n 2 ,b) + for some b e G, and «2 ^ 2, then a similar discussion as above shows 
that n 2 = P n for some r 2 > 1 and a' yi = a p ' 2 . Continuing this procedure, we have 
that h - XU/3i(x pn - x p ' rl ) e H[l], where ft € k x , n > r 2 > ■ ■ ■ > r s > 1, s > 1, 
and a''' 1 = a^' 2 = ■•• = a? rs . If h - 2f=iA-(^ - = 0, then /i = SLiAC^' - 

^ rH ). If A - Ei=iA<^' - ^ ') # 0, then it follows from (1) and (2) that either h = 
EtiAO^' - + j8 (l - g) with /3 e k x and g = a''' 1 = a' /2 = ••• = a p '\ or 

* = ZLiA<^''-^'" I )+iSx+)8o(l-a)with^ejfe x ,)8o e A: and a = a' yi = a> fl =••■ = a' y '. 
This proves the theorem for Case 3 by Lemma lZTT d). □ 

By Theorem l2.5l and its proof, we have the following corollary. 
Corollary 2.6. Let g eG and z e H\Ho with A(z) = z <8> g + 1 ® z. 

(a) /n f/ze caie of char(k) — 0, we have 

(i) if q is a primitive n-th root of unity with n>2, then either g — a, z — yx+p7(l —a), 
or g = a", z — yx n +/3(1 — a"), where y,f3 € k; 

(ii) Otherwise, g — a, z — yx + (3{\ — a) for some y,fi € k. 

(b) In the case of charik) — p > 0, we have 

(i) if q is a primitive N-th root of unity with N > 2, then either g — a, z — yx+{3(l—a), 
org = a N P r ,z = y(l-a N P') + Zl l p i x N P\ where y,/3,(3i ■■ ■ ,j8 s € k, r, r u ■ ■ ■ , r s e 
N such that a N P'' = a N P' '; 

(ii) if q = 1 and aT x xa = x, then either g — a, z — y(l - a) + 2,' =1 fliX p ' for some 
y,/3i, ■ ■ ■ ,/3 s e k and r\, • • ■ ,r s 6 N such that a p ' r — a, or g — a p ' + a, z — 
y(l - aP ) + Yfi=\ Pi% p ' for some y,/3\ , • ■ ■ ,j3 s e k and r, r\, ■ ■ ■ , r s e N such that 
rj > 1 and aP ' — aP ; 

(iii) if q — 1 andaT x xa — x + (l — a), then either g — a, z — y(l — a)+fix+^j =l fii(x p ' — 
x p '' ' )for some y,p,[i\ , • ■ ■ ,fi s € k and r\, • • ■ , r s 6 N such that r- t > 1 and aP'' — a, 
or g — aP + a, z — y(l - a p ') + Yfi=\Pii xP ' ~ xP ' ) f or some y,/3i, ■ ■ ■ ,/3 s e k and 
r, r\ , • ■ ■ ,r s e N such that r,- > 1 and aP' — aP ; 

(iv) if q is not a root of unity, then g — a, z — yx + f3( l — a) for some y,/3 e k. 



3. The classification of pointed Hopf algebras of rank one 

In this section, we discuss the structures of pointed Hopf algebras of rank one over 
a field k. We will prove that such Hopf algebras are some Hopf quotients of Hopf-Ore 
extensions of their coradicals. [3 | and [7| classified all finite dimensional pointed Hopf 
algebras of rank one over an algebraically closed field with char(£) = and char(fe) - p > 
0, respectively. Actually, the classification results there still hold without the assumption 
that k is algebraically closed. 
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Proposition 3.1. Let H be an arbitrary pointed Hopf algebra of rank one, G — G(H). 
Then there are some a e G and x e H \ Ho such that A(x) — x ® a + 1 ® x. Moreover, 
H x = H ffi H x. 

Proof. Let H c Hi c H 2 c ■ • • be the coradical filtration of H. Then Qi = Hi/H is left 
//o-Hopf module, and hence it is a free Ho-module. Note that the left //o-module action 
on Hi I Ho is given by the multiplication in H, and the left //o-comodule structure map 
p : Hi I Ho — * Ho ® Hi I Ho satisfies pn = (id ® n)A, where n : Hi — » Hi /Ho is the natural 
epimorphism. Since // is a Hopf algebra of rank one, — {z e 2i I P(z) = 1 ® z} is one 
dimensional over A;. Hence any nonzero element of forms a basis of Hi /Ho as a left 
//o-module. Let + z e qJ. By Lemma l2l4T a'). there exists an element y e ® g ,hecP' g ^(H) 
such that z = 7r(y). Let y = Z g ,heG c gM, where c gth e P' h (H). Then 



so 1 ® 7r(y) = 1 ® z = p(z) = p^O) = (id ® n)A(y) = £ gjA h ® n{c g , h ) = Zh(h ® c g J>)), 
from which one knows that x(Yj g c g,h) = if h # 1. It follows that £ g c g /, = if /i ^ 1, and 
soy = 2 g c g; i. Thus, z = 7r(y) = Ti g 7T ( c g ,\) ^ 0, and hence there exists some a e G such 
that c fl>1 # 0. Obviously, + n{c aA ) e gj. 

Let x = c flj i. Then x e Hi \ Hq and A(x) = x® a + \® x. Moreover, 7t(x) forms an 
//o-basis of Hi /Hq, and so Hi = Ho ffi Z/oX. □ 

In the rest of this section, assume that H is an arbitrary (infinite or finite dimensional) 
pointed Hopf algebra of rank one, and G = G(H). In this case, Ho = kG. By Propo- 
sition 13.11 there exist some a e G and x £ H\ \ Ho such that Hi - Hq ffi Hqx and 
A(x) = x®a + l®x. Moreover, H is generated by x and G as an algebra, Hi — Ho® Hqx 
is a graded coalgebra, and {gx ! \ g e G, < i < 1 } is a £-basis of Hi . 

Proposition 3.2. (a) IfgeG and z e H \ Ho with A(z) = z ® g + l®z, then g = a and 
z — yx + /3( l - a) for some y,/3 e k with y + 0. 

(b) a e Z(G). 

(c) If a + 1, f/ien f/iere exist a character x 6 G and a l-cocycle a 6 Z'(G) smc/z f/iaf 



Proo/ (a) Let g e G and z e H \ Ho with A(z) = z®g+l®z. Then z & Hi. Since 
//i = //(> ffi //()*' is a graded coalgebra, by Lemma l23l we only need to consider the case of 
z € Hqx. Let z e //qjc Then z = Yibec ybbx for some yi, e k, and hence 



It follows that g — a and yt - for all b + 1. Thus z — y\X with + y\ e A:. 

(b),(c),(d) For any g e G, we have that A(g~ l xg) = g~ l xg ® g~ l ag + 1 ® g _1 x,g. By (a), 
one knows that g~ l ag = a and g~ l xg = ;f(g)x + a(g)(l - a) for some^(g), a(g) e A: with 
X(g) * 0. Hence a e Z(G). 




g xg = X(g)x + a;(g)(l - a), ge G. 



(d) /jfa = 1, f/ien f/iere exists a character \ £ G swc/z that g x xg — x(g)x, g 6 G. 
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We claim that^ € G and that a e Z}.(G) if a + 1. In fact, let g, h e G. Then, on one 
hand, (ghy l x(gh) - x(gh)x + a(gh)(\ - a). On the other hand, 

(gh)-'x(gh) =h-\g- x xg)h 

=h- y (x{g)x + a{g)(\-a))h 

=X(g)(.X(h)x + a(h)(l - a)) + a(g)(l - a) 

=X(g)X(h)x + (x(g)a(h) + a(g)){l - a). 

It follows that x(gh) = X(g)xW' an d hence x e G. If a + 1, then we also have a(gh) = 
X(g)a(h) + a(g), which means that a e Z'(G). □ 

From Parts (c) and (d) of Proposition 13. 21 we have 

g^xg = x(g) x + a{g)(l - a), geG 

in H. By a discussion similar to the one about the Hopf-Ore extension in Section 2, one 
can clarify H in three types according to the values of x(fl) and a(a). 

Type 1: x( a ) ^ 1- In this case, a + 1, by setting y — and substituting x with 

x — y(l — a), one can assume that 

g~ 1 xg=x(g)x, g e G. 

Type 2: x( a ) - 1 an d a ( a ) - 0. In this case, we have 

cT l xa — x. 

Type 3: x( a ) - 1 an d a ( a ) ^ 0. I n this case, we have aT l xa — x + a(a){\ - a). By 
replacing x with a(a) x, one can assume that 

a~ xa — x + (1 — a), A(x) = x®a+ 1 ®x 

Let V(„) = Ho+Hqx+Hox 2 -\ vH^x" for all « > 0. Since // is generated, as an algebra, 

by x and G, V(0) £ V(i) £ V(2) £ ■ • • is a coalgebra filtration of H. Now by an discussion 
similar to the one in [3 p. 216], one can determine a basis of H as a free left //o-module 
under multiplication. Set V(_i) = 0, Q(„) = V(„)/V(„-i), and let 7T(„) : V(„) — > g(„) be the 
canonical projection for all n > 0. Then (2(«)>P(n)) is a left //o-Hopf module for any n > 
as described in Section 1 , where the left Ho-action is induced by the left multiplication in H, 
and the left //o-comodule structure map p(„) is determined by P( n )(^(n)(v)) = (id ® ^(„))A(v) 
for all v e V(„) and « > 0. Hence Q(n) = or (9(n) is a free left //o-module with a 
basis being any linear basis of Q^ n) — {z e (2(«) | Pc«)(z) = 1 <8> z} by the fundamental 
theorem of Hopf modules [4 Theorem 1.9.4]. Consequently, V(„) is a free left //o-module 
for any n > 0, and so is //. Since Q( n ) is generated by n^ix") as a left Ho-module and 
P(n)(n( n )(x")) = \®7i(„){x n ), it follows that <2|L is spanned by W(„)(x"). In particular, g(n) = 
or is a free left //o-module with a basis {ji( n ){x' 1 )}. 

Proposition 3.3. H is a free left H^-module under left multiplication with a basis { 1 , x, x 2 , ■ ■ ■ } 

or {1, x, x 2 , ■ ■ ■ , x n ~ 1 } for some n > 2, where x is the (a, Y)-primitive element in H as given 
above. Furthermore, in case that {1, x, x 2 , ■ ■ ■ ,x n ~ 1 } is an H^-basis of the free left HQ- 
module H, where n > 2, we have the following statements: 

(a) If char(k) — 0, then x(a) is a primitive n-th root of unity, and by a suitable sub- 
stituting of x, we have that g~ l xg — x(g) x f or g e G and x" — j3(\ — a") for some 
I3ek. 
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(b) If char{k) — p > 0, then either p \ n and x(a) is a primitive n-th root of unity, or 
n — p and x(a) — 1- Moreover, we have 

(i) if p \ n, then by a suitable substituting of x, we have that g~ 1 xg — x(g)xfor all 
g G G, and x" = (3(1 — a") for some fi € k; 

(ii) if n — p andaT x xa — x, then x p — fix + y(\ — a p ) for some fi,y e k. Moreover, 
a'' = aiffi + 0; 

(iii) if n — p and a~ l xa — x + a(a){\ — a) with a(a) + and a + 1, then by a suitable 
substituting of x, we have x p — fix + y(l - a p )for some fi 6 k. Moreover, a p — a if 
f}*\. 



Proof. By the discussion before, an argument similar to the proof of [3] Lemma 1(a)] 
shows that that H is a free left //o-module under the left multiplication with a basis 



[1, x, xr 



or II, x, x 2 , ■ ■ ■ 



for some n > 2. 



Now assume that {1, x, x 2 , ■ ■ ■ , x" '} is an // -basis of the free left //o-module H for 
some n > 2, and let q = x( a )- Then H — Hq + Hqx + H^x 2 + • • • + Hqx" , and hence 

n-1 

x" — bo + b\x + • • • + b n -\x n 



/=0 

for some bo, b\, • ■ ■ , b n -i e Ho- Note that H ® H is a free left Ho ® //o-module with an 
Ho <8> //o-basis fx' ® x j | < i, j < n - 1}. Let W be the H ® i/ -submodule of H <8> H 
generated by {x' <g>x ; |2 + j < n— 1}, and let U be the //o ®//o-submodule of H®H generated 
by \x' ® xi\i, j < n — 1,2 + j = n}. Then obviously W n U — 0. From Lemma |2~T1 we have 
ACZ5) 1 = 2"=o A(fcOA(Jc') effand 



A(x") 



z 

/=() 

n-1 

z 

/=1 

n-1 

z 



n 
Z 
n 
/ 
n 
I 



x 1 ® a'jt" ' + P 



fl'x"-' + 1 



)a" + P 



n-1 n-1 
X ® fl'jc" - ' + 1 ® ( 2 fc/X) + ( 2 ® a" + P, 

1=0 1=0 



where P e W. Since 1 ® (V b t x l ) + (V fyx') ® a" e W and £ 

1=0 1=0 i=\ 



a'x"-' e U, 



it follow from A(x") = A(£ e W that £ 

/=o /=i 



x <g> a x" = 0, which implies that 



for all 1 < I < n - 1. 



(a) Assume char(&) = 0. Then by Lemma [L9l q is a primitive n-th root of unity, and 
hence q - x( a ) + !■ Thus, by a suitable substituting of x as stated in Type 1, we have 
g~ l xg = x(g) x f° r ai l 8 e G. In particular, cr'xa = qx. If x" = 0, then it is done. Now 

m 

assume x" + 0. Then x" = 2 Z?,x ! for some bo,b\, ■ ■ ■ ,b„, e Ho with b m + 0, where 

1=0 

< m < n - 1. By Lemma 12. H a) and Lemma 11.91 we have A(x") = x" ® a" + 1 ® 

m m m m 

x" = 2 fo,x'' ® a" + 1 ® 2 = £((bi ® ® 1) + (1 ® ® x')) and A(2 hx 1 ) = 
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2 Z 

i=0 7=0 



. \ 
/ 



A(bf)(l ® aj)(x-i ® x' J ). If m > 2, then by comparing the coefficients of the 

A(fc m )(l®a j ) = Ofor 



\ 



basis element ® x m 1 in A(jc") and A(2 £>ix'X one gets that 

i=0 



\ 



= Ofor all 1 < j < m-l. This 



all 1 < j < m-l. However, A(b m ){\®a ] ) + 0, and so 

J 

is impossible by Lemma [L9l Hence m < 1. If m = 1, then by comparing the coefficients 
of the basis elements 1 ® x and x® 1 in A(x") and A(£>o one gets that \®b\ - A(b\) 

and b\ ® a" = A(b\)(\ ® a), which implies that b\ e k and £>ia" = b\a. It follows that 
a" = a, and so a" -1 = 1 since b\ + 0. This is also impossible since n > 2 and q = x(a) is 
a primitive «-th root of unity. Thus, x" — bo e Hq and A(x") = x"®a" + l®x". It follows 
that x" = (3(1 - a") for some j8 € k. 



(b) Assume char(fc) = p > 0. Then by Lemma [TT91 g is a primitive A^-th root of unity, 
where n = Np r with p \ N, N > 1 and r > 0. Since // is a Hopf algebra of rank one, it 
follows from the proof of Theorem 12. 5 1 that either p \ n (i.e. N - n > 2, r - Q) and q is 
a primitive «-th root of unity, or n — p (i.e. A^ = 1, r = 1) and q = 1. If q is a primitive 
n-th root of unity (i.e. p \ n), then Part (b)(i) follows from an argument similar to Part (a). 
In case that q = 1 (i.e. n — p) and aT l xa = x, an argument similar to Part (a) shows that 
x p — bo + b\x for some bo, b\ e Hq. Then Part (b)(ii) follows by comparing the terms in 
A(x p ) and A(bo + b\x). If q — 1 and aT l xa — x + a(a)(l - a) with a(a) + and a + 1, then 
by a suitable substituting of x, we can assume that <T x xa — x + (1 - a). In this case, using 
Lemma l2~TT b) and (c), an argument similar to Part (a) shows that x p = bo + b\x for some 
bo, b\ e Ho- Now by Lemma |2~TT c). we have 

A(x p ) = x p ® a p - x ® a p + x ® a + 1 ® x p 

= (bo + b\x) ® a p - x ® a p + x ® a + 1 ® (bo + fci x) 

= (Z>o ® + 1 ® ^o) + (b\ ® aP - 1 ® a p + 1 ® a)(x® 1) + (1 ® b\)(\ ® x), 

and A(bo + b\x) = A(b ) + A(b\)(x®a + 1 ®x) = A(b ) + A(fci)(l ® a)(x® 1) + A(&i)(l ®x). 
It follows that A(bo) = bo ® aP + 1 ® fc , A(fci)(l ® a) = b\ ® a p - 1 ® a p + 1 ® a and 
A(£>i) = 1 ® b\. From A(/?o) = bo®a p + \®bo, one gets that bo = y(l -a'O for some yei 
From A(bi) = 1 ® fei, one gets fo] e k. Then from A(/?i)(l ® a) = Z?i ® a' J - 1 ® a p + 1 ® a, 
one gets that (b\ - Y)(a - a p ) = 0, which implies that aP — a if b\ + 1. This shows Part 
(b)(iii). Thus, we complete the proof of Part (b). □ 



We have already described the algebra structure of H in Proposition 13 .21 and Proposi- 
tion [33] Now we give another description of H using the Hopf-Ore extension as follows. 
For any y e H, let (y) denote the ideal of H generated by y. 

Theorem 3.4. H is isomorphic to a quotient of Hopf-Ore extension of its coradical Hq — 
kG, where G — G(H). Precisely, there exist ax 6 G, a € Z(G) and a e Z^(G) such that H = 
kG(\, a, 5)11 as Hopf algebras, where the derivation 6 is defined by 6(g) — g(l — a)a(a), 
g 6 G, I is a Hopf ideal ofkG(x, a, 5) defined as follows: 

(a) In the case of char(k) = 0, 
(i) ifx( a ) is a primitive n-th root of unity for some n>2, then I — (x n —f3(l — a")) for 
some fj 6 k; 
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(ii) ifx(a) is not a primitive n-th root of unity for any n > 2, then 1 = 0. 
(b) In the case ofchar(k) — p > 0, 

(i) ifx( a ) is a primitive n-th root of unity for some n > 2, then I = (x" — j8(l - a")} for 
some ft e k; 

(ii) if x( a ) — 1 an d a~ l xa = x, then I = (x p — fix — y(\ — a p )) for some f3, y E k. 
Moreover, a 1 ' = a if ft + 0; 

(iii) if x( a ) — 1 anda xa = x + a(a)(l -a)witha(a) + Oanda + 1, then by a suitable 
substituting of x, I = (x p - fix — y(l — aPf) for some f3,y e k. Moreover, aP — a if 

(iv) ifx( a ) is not a primitive n-th root of unity for any n > 1, / = 0. 

Proof. Let G = G(H). Then Ho = kG. By Proposition 13. II there exist some a e G and 
x e Hi \ Hq such that Z/i = Ho © and A(x) = jcig>a+l®x Moreover, H is generated 
by x and G as an algebra. By Proposition 13. 21 a e Z(G), and there exist a character^ e G 
and a 1-cocycle a e Zj(G) such that 

Moreover, we can make the following assumption: a(g) = for all g e G whence?) ^ 1; 
a(a) = 1 when^-(a) = 1 anda(a) + 0. Then one can form a Hopf-Ore extension kG(x, a, S) 
of kG, where 5 6 End(£G) is defined by 5(g) = g(l - a)a(g) for all g € G. By the definition 
of Hopf-Ore extensions, there exists an algebra epimorphism F : kG(x, a, 5) — » H such 
that F(jc) = x and = g for all g e G. It is easy to see that F is also a coalgebra 
morphism. Consequently, F is a Hopf algebra epimorphism. Note that kG(x, a, 5) is a free 
left fcG-module with the £G-basis {x'\i > 0). Obviously, F is a fcG-module homomorphism. 
Let / = Ker(f). Then / is a Hopf ideal of kG(x,a,6), and H = kG(x,a,6)/I as Hopf 
algebras. 

(a)(i) Assume that^(a) is a primitive n-th root of unity for some n > 2. Then A(x") = 
x" ® a" + 1 <8 x" in H, and hence x" E Hi = Hq ffi i/ox. It follows from Proposition 13.31 
that H is a free left Z/o-module with a basis {1, x,x 2 , ■ ■ ■ , jc m ~'} for some 2 < m < n. By 
Proposition 13. 3f a). x( a ) is a primitive m-th root of unity. Hence m = n and H has a left 
Ho-module basis {l,x,x 2 , • ■ ■ ,x"~ 1 }. Moreover, x" = fi(l - a") for some f! £ k, in //. It 
follows that I = (x" -j8(l - a")). 

(a) (ii) If^(a) is not a primitive n-th root of unity for any n > 2, then H is a free left Hq- 
module with the basis {1, x, x 2 , ■ ■ ■ } by Proposition l3.3l Obviously, F is an isomorphism in 
this case. Hence 1 = and H = kG(x, a, 6) as Hopf algebras. 

(b) It is similar to Part (a) using Proposition l3.3l 

□ 

Let \x\ denote the order of the character x- 

Proposition 3.5. With the notations in Theorem \3.4\ assume that x( a ) is a primitive n-th 
root of unity for some n > 2. Then we have 

(a) n < \x\. 
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Q°)If\x\ < oo, thenn\\x\. 

(c) Ifn < \x\, then I = (x n -[3(1 - a")) = (x",/3(l - a")}. 

Proof. Parts (a) and (b) are obvious. For Part (c), we may assume that g~ l xg = x(g) x for 
all g € G as stated in the proof of Theorem 13.41 Since n < \x\, there exists some g e G 
such that ^"(g) + 1. Then x" e I since x" - /3( l - a") e I and x"(g) x " ~ PO- ~ a ") = 
g-\x" -{3(1 - a"))g e /. Hence / = (x n -[3(1 - a")) = (x n ,[3(\ - a")). a 

Corollary 3.6. With the notations in Theorem \3.4\ assume thatx(a) is a primitive n-th root 
of unity for some n > 2. Then we have 

(a) If/3 = Oora n =l, then I = (x n ). 

(b) If [3 + and a" + \andn< \x\, then I = (x", 1 - a"). 

(c) If/3 + and a" + 1 and n = \x\, then I = (x"-/3(1- a")). 

Proof. It follows from Theorem l3~4l and Proposition 1331 □ 

Remark 3.7. Let G = G(H) and Hq = IcG. When^-(a) is a primitive n-th root of unity for 
some n > 2, H - Hq + Hqx + Hqx 2 + • • ■ + Hqx"^ 1 . When charfc = p > and^(a) = 1, 

H = Hq+Hqx+Hqx 2 h \-Hqx p ~' . In these cases, if H is infinite dimensional, then G is an 

infinite group, and H has the similar structures and properties with the finite dimensional 
pointed Hopf algebras of rank one classified in ]J3] |7j except that G is infinite. 

4. Representations 

In this section, we study the representation theory of Hopf-Ore extensions of group 
algebras and pointed Hopf algebras of rank one. By the discussion in Section 3, any pointed 
Hopf algebra of rank one is isomorphic to a quotient of the Hopf-Ore extension of its 
coradical. 

In what follows, let H = kG(x~ l ,a, 5) be a Hopf-Ore extension of a group algebra kG. 
Then H' = kG(x~ l ,a,5)/I is a Hopf algebra of rank one, where / is a Hopf ideal of H 
as described in Theorem 13 .41 Moreover, every pointed Hopf algebra of rank one has this 
form. Let n : H —> H' be the canonical epimorphism. 

Let hM (resp. h'M) denote the category of the left //-modules (resp. //'-modules), 
which is also denoted by M (resp. AT) for simplicity. Then both M and AT are monoidal 
categories. Since H' = H/I is a quotient Hopf algebra of H, there is a monoidal category 
embedding functor from AT to AT Thus, one can regards AT as a monoidal full subcate- 
gory of AT Moreover, an object M in M is an object in the subcategory AT if and only if 
/ • M = 0. We present the observation as follows. 

Theorem 4.1. AT is a monoidal full subcategory of M consisting of all those H-modules 
M such that I ■ M = 0. 

From now on, we assume that^ _1 (a) + 1, i.e. H is of Case 1 (or H' is of Type 1). In 
this case, x is not the trivial character. We may assume that 6-0 and H = kG(x~ l ,a, 0). 
That is, H is generated, as an algebra, by G and x subject to the relation: xg = x 1 (g)g x ^ 
g G G. The coalgebra structure and antipode are given by 
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A(jc) = x <g> a + 1 <g> x, S(x)--xa \ s(x)-0, 
A(g) = g®g, S(g)=g-\ e(g)=l, geG. 

H has a Ar-basis {gx 1 \ g e G,i > 0}. Let H(n) = spanjgx" | g e G) for all n > 0. 
Then // = (J)°l H(ri) is a graded coalgebra, and H(0) = Ho is the coradical of H by 
Proposition [22] Obviously, H is also a graded algebra and S(H(n)) c //(«) for all n > 0. 
Thus, // is a graded Hopf algebra (see [4 | for the definition of graded Hopf algebra). 

4.1. Simple modules. Let V be an //-module. Then V becomes an //o-module by the 
restriction. Conversely, for a fcG-module W, W becomes an //-module by setting x • w = 0, 
w € W. Moreover, W is a graded //-module with the trivial grading given by W(p) - W and 
W® = for i > 0. 

Let V = ffi°! V(j) be a graded //-module. Then g • = and x • V(,) c Vg+i) for all 
geG and z' > 0. Let V w = V w © y (n+1) © y (n+2) © • ■ ■ = ffi^V®. Then V = V ra 2 V n] 3 
V[2] 3 • • • is a descending sequence of graded //-submodules. If V is simple, then there 
exists some n > such that V = V[p] = V[i] = ^p] = • • ■ = V[„] = V(„), and V[„+i] = 0. 
Hence x ■ V = in this case. Thus, we have the following proposition. 

Lemma 4.2. Let V be a graded H -module. Then V is simple if and only ifV is simple as 
an HQ-module. 

Proof. Assume that V is simple as an //-module. Then x- V = from the discussion above. 
Hence each Z/o-submodule of V is an //-submodule. It follows that V is also simple as an 
//o-module. The converse is obvious. □ 

Note that a graded module over a graded algebra is graded simple if it is nonzero and 
has no nontrivial graded submodule. 

Proposition 4.3. Let A = ffi°! A ; be a graded algebra, and M = ®°l Q Mj a graded A- 
module. Then M is graded simple if and only if M is simple. 

Proof. If M is simple, then M is obviously graded simple. Conversely, if M — (&M(f) is 
graded simple, then for any n > 0, M(n) := ffi" M,- is a graded A-submodule of M and 
M = M(0) 3 M(l) 2 M(2) 2 ■ ■ • . Hence there exists some n > such that M = M(l) = 
•■ • = M(n) and M(n + 1) = 0, and hence M„ + and M, = for i + n. Thus M = M„ is 
simple. □ 

Let M be an //-module. For any AeG, let M w - {v e M | g ■ v = A(g)v, g e G). Each 
nonzero element in is called a weight vector of weight A in M. One can check that 
®A£gM(A) is a submodule of M. 

Let n(M) = {A e G ] M (/t) # 0}, which is called the weight space of M. M is said 
to be a weight module if M — ®,\en(M)M(,\)- If G is abelian and £ is algebraically closed, 
then n(M) is not empty for any nonzero finite dimensional //-module M. Let *W be the 
full subcategory of Ai consisting of all weight modules. Similarly, one can define weight 
modules over //'. Let f W' be the full subcategory of M! consisting of all weight modules. 
Then one can easily see that *W (resp. W) is a monoidal full subcategory of Ai (resp. 
M). Moreover, W = TV n M . 
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For any A e G, let V\ be the 1 -dimensional //-module defined by 
g ■ v = A(g)v and x • v = 0, v e Va- 
The following lemma is obvious. 
Lemma 4.4. Lef cr,AeG. Then 

(a) V,) i's a simple H-module. 

(b) Vq- = Va if and only if a = A. 

(C) V IT ®Va = V a A. 

When \x\ = s < oo, for any i e G and /3 e k , let V(/l,j6) be an s-dimensional vector 
space with a basis {mo, mi,-- - , m s -i] over k. Then one can easily check that V(A,/3) is an 
//-module with the action determined by 



where < i < s - I, g e G. Moreover, x s ■ m = /3m for all m e V(A,/3). In this case, 
let (x) denote the subgroup of G generated by and [A] denote the image of A under the 
canonical epimorphism G — » G/(x). 

Theorem 4.5. Assume \x\ = s < oo. Let AeG and /? 6 k. Then 

(a) V(A,fi) is indecomposable. 

(b) V(A, 0) is not simple but uniserial. 

(c) If/3 + 0, then V(A,/3) is simple. 

Proof. Note that s > 1. Let {mo, mi, • • • , m. s _i} be the basis of V(A,/3) as described above. 
Then V(A,/3) is a cyclic //-module generated by mo. 

(a) Suppose that V(A,/3) = Ui e U 2 for some submodules U u U 2 of V(A,/3). Then 
mo = u\ + U2 for some u\ € U\ and M2 e t/2- For any g e G, we have g ■ mo - A(g)mo = 
A{g)u \ + /i(g)i<2 and g • mo = g • u\ + g • «2- Hence g ■ u\ — A(g)u\ and g-u 2 = A(g)u 2 for all 
g e G, which implies that «i,i<2 £ V(/l,y6)( / i). Since \x\ = s, V(A,/3)(A) is one dimensional 
with a basis {mo}, which implies that u\ — or u 2 — 0. If u\ = 0, then mo = u 2 e t/2, 
and so t/ 2 = V(A,/3) and t/i = 0. Similarly, if u 2 = 0, then Ui = V(A,/3) and U 2 = 0. 
Therefore, V(A,/3) is an indecomposable //-module. 

(b) Let /3 = in the above. Then fem s _i is a 1 -dimensional submodule of V(A, 0) 
and fcm s _i = V x ^a- Hence V(A, 0) is not simple since dim(V(/l, 0)) = s > 1. For any 
< f < s - 1, one can easily see that M, = spanfm,- | t < i < s - 1} is a submodule of 
V(A, 0) with dimension s -t. Obviously, 



is a composition series of V(A, 0) and M t /M t+ \ = V x <a for all < t < s - 1. 

Now let M be a non-zero submodule of V(A, 0). Then x s • M c x s • V(i, 0) = 0. Hence 
there is an integer t with 1 < t < s such that x' ■ M = but • M + 0. If f = s, 
then M c V(A,Q) = Mo = M s -,. If t < s and m = »o»Jo + aimi + • • • + a s -\m s -\ e M, 
then x' ■ m - aom t + a\m,+\ + ■ + a s - t -\m s -\ = since x* ■ M = 0, which implies that 




V(/l, 0) = Mo d Mi d M 2 d ■ ■ ■ D M s -i D M s — 
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ao = a\ = ■ ■ ■ = a s -t-i = 0. Hence m = a s - t m s - t -\ \-a s -\tn s -\ e M s - t , and so M c M s - t . 

Thus, we have proven that M c M s -t- Since x'^ 1 -M + 0, one can choose an element m e M 
such that x'~ l ■ m + 0. From M c M s _,, we have m = a s - t m s - t + ■ • ■ + a s -\m s -\ for some 
a s - t , ■ ■ ■ , a s -i e k. From ■ m = a s _,m s _i ^ 0, one gets that or s _ t ^ 0. Now we have 

m = a s -,m s _, + ff s _, +I m, s _, +I • ■ • + a s _\m s _i 

x-m - a s -,m s - l+ i ■■■ + a s - 2 m s ^ 

X* ■ m — a s - t m s -\ 

Since a s -t + and m,x- m,- ■ ■ , x'^ 1 ■ m e M, one knows that m s _,, m s _ f+ i, • • ■ , m s _i e M, 
and so M s _, c M. Thus, M = M. s _,. It follows that V(A, 0) is a uniserial //-module. 

(c) Assume /3 t 0. Then V(A,/3) = V(/i,j6)y) ® V(^,/?) Cr/1) e • ■ ■ ® V(/l,jS)c^M) and 
V^,/?)^) = km, for all < i < s — 1. Moreover, for any < i < s — 1, the submodule of 
V(/t,y8) generated by ;«,■ is equal to V(A,/3). 

Now let M be a nonzero submodule of V(A,f3). Since V(A,/3) is a weight module, so is 
M. Hence n(M) is not empty. Since Tl(M) c Tl(V(A,fi)) = {^A \ < i < s - 1}, there is 
an z with < z < s - 1 such that x' A e Tl(M), and so + M (x , A) c V^,/?)^ = £m,-. It 
follows that m, e M, which forces that M = V(A,/3). Therefore, V(A,/3) is simple. □ 

Proposition 4.6. Assume \y\ — s < oo. Lef cr, /I e G and a,/3 e £ x . 77jen 

(a) V(<x,0) 56 V(A,J3). 

(b) V(cr, 0) = V{A, 0) z/and onfy ifcr = A. 

(c) V(cr, a) s V(/l,yS) if and only if [cr] - [A] and a — (3. 

Proof, (a) By Theorem l4.5l V(A,/5) is simple, but V(cr, 0) is not simple. Hence V(cr, 0) ¥ 
VW,,3). 

(b) If cr = A, then obviously V(cr, 0) = V(A, 0). Conversely, let / : V(cr, 0) -> V(A, 0) 
be an //-module isomorphism. Let £/ = {v e V(o~, 0) | x ■ v — 0} and W = {v € V(A, 0) | 
x • v = 0}. Then dim(£/) = dim(W) = 1 and f(U) = W. Moreover, g ■ u — x s ~ l (g)cr(g)u 
and g ■ w — X s l is)^is) w f° r an Y 8 6 G, u e U and w e W. Let + u 6 U ', Then 
/(g • u) = g ■ f(u), and so^" 5- (g)o~(g) = X s l (g)^(g) f° r a ^ 8 e G. This implies that cr = A. 

(c) Assume V(cr, a) = V{A,/3). Then a - fi since x s ■ m = aw and x" ■ v — /3v for any 
u e V(cr,a) and v e V(^,y6). Moreover, n(V(cr,a)) = U(V(A,f3)). Since Yl(V(cr,a)) = 
\x l cr\0 < i < s - 1} and n(V(/l,^)) = j^U|0 < i < s - 1}, cr = tfX for some < i < s - 1. 
Hence [cr] = [A]. 

Conversely, assume a — ft and [cr] = [A]. Then cr = x'A for some < i < s — 1 since 
[y| = s. Let {;«o, Wi, • • ■ , m 5 -i} and {vo, vi, • • • , v s -\] be the bases of V(cr, a) and V(A,f3) as 
before, respectively. Define a ^-linear isomorphism / : V(cr, a) — > V(/l,y6) by /(mo) = v,-, 
/(mi) = Vi+i, /(m H -i) = v,_i, f(m s -i) = f3v , /(m s _i) = j8v £ _i. Then one can 
easily check that / is an //-module map. Hence V(cr, a) = V(/l,/T). □ 

Proposition 4.7. Asst/me [^| = s < oo. Lef cr, /} e G ami a e ^. T/zen ® V(cr, a) = 
V(Acr, a) and V(cr, a) ® V A = V(crA, aA{a) s ). 
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Proposition 4.8. Assume that \x\ — s < oo and that x '( fl ) w a primitive s-th root of unity. 

s-1 

Let o-,AeG anda,p e k. Then V((r, a) ® = VC^avl, + p). 

1=0 



Proof. Let M = V(o~, a)<8V(A,{3). Let {mo, mi, ■ ■ ■ , m s _i} and {vq, Vi, • ■ ■ , v,_i}be the bases 
of V(cr, a) and V(A,f3) as described before, respectively. Then {m,- <g> v ; |0 < i, j < s — 1} is a 
&-basis of M. For any < i, j < s — 1 and g e G, we have 

g ■ (mi ®vf)= g-mi®g-Vj = (x' +J o-A)(g)mi ® Vj, 

and hence m,- <g> Vj 6 M^ia-x)- Thus, M is a weight module. Since \x\ — s, M = © 
© ■ © M^-iovQ, and for any < t < s - 1, 

I < i < t, t + 1 < j < s - 1). 

Thus, dim(M (A ,f - / i)) = s for all < t < s - 1. Moreover, x ■ Mi^a-x) C M^i^ for all 
< t < s — 1, where M^s^ = M (cr/1 ) since \x\ = s. Since g := x l ( a ) i s a primitive s-th 
root of unity and (1 <g> x)(x <g> a) = g(x <g> a)(l <g> x), we have A(x J ) = x J <g> a s + 1 ® x s . Now 
for any < i, j < s — 1 , we have 

X s • (mi <S> vf) — X s ■ mi <g> a s ■ Vj + m, (g> x s ■ Vj 

= ax'(a s )A(a s )mi <g> vj + f3m, ® vj 

= (aq~ js A(a) s + yS)m,- <g> Vj 

= (aA(a) s + f3)mj <g> vj. 

Hence X s ■ m = (aA(a) s + f3)m for all m e M. 

(a) Assume aA(a) s + /3 + 0. Then x- : M — > M, m \-* x ■ m, is a linear automorphism 
of M. Let {ui, U2, ■ ■ ■ , u s ) be a basis of Mfp-x). Then {jc f ■ Mi, x' ■ U2, ■ ■ ■ , x' ■ u s ) is a basis of 
M^'o-A) for all < t < s - 1 . It follows that {x* ■ Ui \ < t < s — 1, 1 < i < s} is a basis of 
M. Let f/, = span{x' • u t \0 < t < s - 1} for any 1 < / < s. Then M = C7i © U 2 © • • • © U s . 
It is easy to see that t/, is a submodule of M and t/, s V(cr/l, o;/l(fl)' s + /3) for all 1 < i < s. 
By Proposition EElc), V(>'o-^, ff^(a) 5 + /?) = VCcr,!, a A(a) s + p) for all < t < s - 1. It 

.5-1 

follows that V(cr, a) <g> V(A,/3) = V(x'crA, aA(a) s + ft) in this case. 

1=0 

(b) Assume aA(a) s +/? = 0. Let / : M — » M be the linear endomorphism of M defined 
by /(w) = x • m, m e M. Then /' = 0. Let m e M^). Then 



m = ao?wo ® vo + orimi ® v.,_i + Qf2»J2 ® v. s -2 + ■ • ■ + aj-imj-i ® vi 
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for some ao, a\, ■ ■ ■ , a s -\ e k. Hence, we have 

.5-1 

x ■ m = a$x ■ (niQ <g> vo) + £ a { x ■ (rrij ® v,_,-) 

i=i 

s-l 

= aso(x ■ niQ ® a ■ vq + mo ® x ■ vq) + £ - mi® a - v s _, + m, ® x • v,-,) 

i=i 

= ao(»Ji ® ^(a)vo + m <8> vi) + a s -\am a <2> x(a)A(a)vi+ 

s-2 . s-l 

+ 2 a;m i+ i ®^ I_, (fl)/l(fl)v J _ i + 2 am ® v. s _ ;+1 + ff ly 6mi <g>v 

1=1 !=2 

= (ao + aA(a)q s ~ 1 a s - 1 )mo ® vi + (A(a)ao + Pa\)m\ <g) vo+ 
+ 2 (^ ,!_1 /l(a)a ! _i + adrnt ® v. s+ i_i. 

i=2 

Thus, x ■ m = if and only if (a , <*i, ■ • ■ , ff. s -i) is a solution of the following system of 
linear equations 

xq + aA(a)q s ~ l x s -\ — 

A(a)xo + fixi = 

A{a)qx\ + X2 = 

A(a)q 2 X2 + X3 =0 



A(a)q s 2 x s -2 + x s -\ = 
Since q is a primitive s-th root of unity and aA(a) s + f3 = 0, one can easily check that the 
rank of the coefficient matrix of the above system of linear equations is s - 1 . It follows 
that Ker(/) n M^x) is a 1 -dimensional subspace of M( a X). Similarly, one can show that 
dim(Ker(/) n M W(rA) ) = 1 for all 1 < t < s - 1. Since x ■ M^g-x) C M^+i^t we have 

Ker(/) = (Ker(/) n M (cr/() ) © (Ker(/) n M^) © • • • © (Ker(/) n M^-i^) 

and so dim(Ker(/)) = s. Thus, dim(Im(/')) = dim(Im(/''- 1 )) - dim(Im(/''- 1 ) n Ker(/)) > 
dim(Im(/' -1 )) - 5, which implies that dim(Im(/ ! )) > dim(Im(/ )) - is - s 2 - is = (s - i)s, 
where i > 1. In particular, dim(Im(/ ?_1 )) > s. Since /' = 0, Im(/ S_1 ) c Ker(/), and so 
dim(Im(/ ? - 1 )) < dim(Ker(/)) = s. It follows that dimCIn^/'- 1 )) = dim(Ker(/)) = s. Con- 
sequently, Im(/ S_1 ) = Ker(/), and dim(Irn(/ s_1 ) n M WcT x)) = dim(Ker(/) n M WcT x)) = 
1 for any t e Z. Since Im(/ S_1 ) n M WctX ) £ f^iM^'+'a-A)) f° r anv f e Z, it fol- 
lows that f s ^ 1 (M^ a -x)) + for any t e Z. Thus, for any < t < s - 1, one can 
choose an element m, e M^i^) such that f s ~ l (u t ) + 0. Now let < t < s - 1. Then 
u t ,f(u t -i), ■ ■ ■ ,/'(m ),/' +1 («. s -i), • • • ./^Wi) e A^o-^). From/ 1-1 (it,-) * and /*(«,•) = 
for all < i < s - 1 , one knows that the following elements 

u t ,f(u t -\), ••• ,/'(m ),/' +1 («. s -i), ••• ,/ I-1 ("f+i) 

are linearly independent over fe, and hence form a fe-basis of M Wo -x). Consequently, {f\u t ) \ 
< i, t < s - 1} is a fe-basis of M. Let £/, = span{/ ! (« t ) | < i < s - 1} for any < t < s - 1 . 
Then M = f/o ffi U\ © • • • © U s -\. One can easily check that U t is a submodule of M and 
U, = Vix'crA, 0) for any < t < s - 1 . This completes the proof. □ 

Throughout the rest of this section, assume that G is an abelian group and k is an 
algebraically closed field. 

Let M be a finite dimensional //-module. Since k is an algebraically closed field and 
kG is a commutative algebra, there is a A e G such that M {X ) + 0. Hence ® A ed^W = 
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®aeyi(M)M(a) is a nonzero submodule of M. Thus, if M is a simple //-module, then M = 
®Aen(M)M(A), which implies that M is a weight module. 

Now assume that M is a finite dimensional simple //-module. Then FL(M) = {A e 
G | M(X) + 0} is a non-empty finite set. If \x\ - °°, there exists a A e Y1(M) such that 
XA i U(M). Thus, x ■ M (A) = 0, and it follows that M = M (A) s Vi. 

Now suppose h/| = s < oo, Let Mo = {m e M | x • m — 0}. Then one can easily 
check that Mo is a submodule of M. Hence, if Mo + 0, then M = Mo since M is simple. 
Since FI(M) is not empty, M is isomorphic to some V A . If Mo = 0, then the induced map 
x- : M — » M, raHjt' m, is a bijective map. Pick up a /I e II(M). Then 

x • M (i) c M^j), • • ■ , x 1 " 1 • M w c M^.-U), X s • M W) c A/j^ = M w . 

Thus Mj^i) © A^tf'i) © ' ' ' © ^(x'-'A) is a nonzero submodule of M. Since M is simple, 
one gets that M = M w © M^j © • ■ • ffi M^-i A) . Moreover, dim(M (/1) ) = dimCM^)) = 
■ • • = dimCM^j-i^)). Considering the action of x s on M(,j), one gets a linear automorphism 
x s - : M(A) — » My), m i — ^ x s ■ m. Since is algebraically closed, there is a nonzero element 
m e M(A) such that x 1 • m — f3m with /5 e k x . Then it is easy to see that span{/«, x • 
m, • ■ ■ , x I_1 • to} is a submodule of M. Since M is simple, M = spanjw, x • m, ■ ■ ■ , x s ~ l ■ m}. 
Obviously M = V(A,/3). Thus we have the following theorem. 

Theorem 4.9. Let M be a finite dimensional simple H-module. Then M is a weight module. 
Furthermore, we have: 

(a) If \x\ — °°, then M = V A for some A e G. 

(b) If \x\ — s < °°. then either M = V A for some A € G, or M = V(A,/3) for some A e G 
and /3 e k x . 

Since H' = H/I as a Hopf algebra, a vector space M over A; is an //'-module (a simple 
//'-module) if and only if M is an //-module (a simple //-module) such that / • M = 0, 
where / is the Hopf ideal of H as described in Theorem 13.41 Note that^- _I (a) + 1, and 
hence \x\> 1. It follows from Theorem l3.4l that / = if and only if^ _1 (a) is not a primitive 
71-th root of unity for any n > 2. Moreover, \x\ — oo if / — 0. If^ _l (a) is a primitive n-th root 
of unity for some n > 2, then by Corollarv l3.6l one knows that / = (x"), or / = (xf, 1 - a") 
with a" + 1 and n < \x\, or I = (x n - a")) with j3 + 0, a" + 1 and |^| = n. Thus, as a 
corollary of Theorem |4.9l one can get all the finite dimensional simple //'-modules. 

Corollary 4.10. If "\ (#) ' s not a primitive n-th root of unity for any n > 2, then S = {V A | 
A € G} is a complete set of finite dimensional simple H' -modules. 

Corollary 4.11. Assume that x (&) is a primitive n-th root of unity for some n > 2. Then 
a complete set S of finite dimensional simple H' -modules can be described as follows: 

(a) /// = (x"), then S = {V A \A e G}. 

(b) /// = (x", 1 - a n ) with a" + \andn< \x\, then S = {V A | A e G with A(a) n = 1 }. 

(c) /// = (x" -fj(l - a")) with fj e k x , a" * 1 and \x\ = n, then 

S = {V A ,V(o-,(3(l -o-(a)")) | A, cr e G with A(a)" = l,cr(a) n ^ 1}. 

Moreover, for any A,creG with A(a) n + 1 and cr(a) n + 1, V{A,/3{1 - A(a) n )) £ V((T,J3(l - 
o~(a) n )) if and only if [A] — [cr]. 
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Proof. Parts (a) and (b) can be shown easily. Now we show Part (c). Assume / = (x"—fi(l - 
a")) with p € k x , a" + 1 and \x\ = n. Since \x\ — n < oo, each finite dimensional simple 
//-module is of the form V A or V(cr, y) for some A, cr e G and y e k x by Theorem |4.9f b). 
Let # v e Vx- Then = fev, g ■ v — A(g)v and x ■ v — for all g e G. Hence 
(x n -0(1 - a")) • v = -j8(l - A(a)")v. Thus, (x" -j8(l - a")) -V A = if and only if A(a) n = 1. 
For V(cr, y), since [^| = n, V(cr, y) = spanjm, x ■ m, ■ ■ ■ , x n ~ l ■ m) such that g ■ m — cr(g)m 
for any g 6 G and x" ■ m - ym. Since (x" — /J(l — a"))x = x(jc" — jS(l - a")), V(cr, y) is an 
//'-module if and only if (*" -y8(l - a")) • V(cr, y) = if and only if (x" -/3(1 - a")) • m = 
if and only if y = /3{l - cr(a) n ). This completes the proof of Part (c). 

If [A] = [cr], then A(a)" = o-(a) n by \x\ = n or the assumption that^ _1 (a) is a primitive 
«-th root of unity. It follows from LemmaE3Ic) that V(A,P(l-A(a) n )) = V(cr,/3(l-o-(a) n )) 
if and only if [A] = [cr]. □ 

4.2. Verma modules. For each ieG, one can define a left //-module M(i) = H ® Ho V^, 
called a Verma module. Note that H is a free right //o-module and // = (J)" () (x'Z/o) as 
right //(j-modules, one gets that 

x'H s H , M(A) = 0(x'// o ) ® Ho V A = x'' ® ffo V A . 

i=0 i=0 

For the sake of simplicity, we write v A for 1 ®h v a with + v A € V A - Then x' ®h = 
x' • (1 v^) - x' ■ v A . Hence M(A) has a £-basis fx' ■ v A \ i > 0}, and so M(A) is a free 
k[x] -module of rank one. Moreover, M(A) = k[x] ■ v A , where k[x] is the subalgebra of H 
generated by x, which is a polynomial algebra in one variable x over k. 

Let J(A) :- spanfx' • v A \ i > 0}. Then J{A) is a submodule of M(A). Denote by L(A) the 
corresponding quotient module M(A)/J(A). That is, L(A) = M(A)/J(A). 

When ly| = s < oo, let Jp(A) be the submodule of M(A) generated by (x s — f$) ■ v A , and 
L(A,j3) :- M(A)/Jp(A) be the corresponding quotient module, where 6 k. 

Theorem 4.12. Let A,reG. Then 

(a) M(A) is a weight module. 

(b) M(A) is indecomposable. 

(c) J (A) is a maximal submodule of M(A) and L(A) = V A . 

(d) M(A) = M(r) if and only if A = t. 

(e) If \x\ — oo, then J(A) is the unique maximal submodule of M(A). 

(f) Assume \%\ — s < oo. Then Jp(A) is a maximal submodule of M(A) and L(A,/3) = 
V(A,f3)for any f3 € k x . Moreover, ifN is a maximal submodule of M(A), then N — J(A) or 
N = Jp(A) for some /3 6 k x . 

Proof, (a) It is obvious since {x ! • v A \ i > 0} is a basis of M(A) and each x' • v A is a weight 
vector. 

(b) Assume that M(A) = M\ © M 2 for some submodules Mi and M 2 of M(A). Let 
Pi : M(A) -> Mi be the corresponding projection from M(A) to M\. Then Pj = Pi. 



HOPF-ORE EXTENSIONS AND POINTED HOPF ALGEBRAS OF RANK ONE 



23 



If Pita) = I£ A*ta the 11 from P?ta) = Pita), one gets that Pi(v A ) = /3 v A . Thus 
Mi = M(A) or Mi = 0. Hence M(A) is indecomposable. 

(c) Since dim{L{A)) = 1, /(/I) is a maximal submodule of M(A). Obviously, L(A) = V A . 

(d) If A = t, then obviously M(A) =s M(t). Conversely, assume that / : M(A) -> M(r) 
is an //-module isomorphism. Then f(J(A)) = f(x-M(A)) = x-f(M(A)) = x-M(t) = J(t). 
Hence / induces an //-module isomorphism / : L(A) — > L(j), m + J(A) i-» f(m) + J(t), 
m E M(A). It follows from (c) and Lemma |4~4T b) that A = t. 

(e) Assume \x\ — oo. Notice that a submodule of a weight module is still a weight 
module. Let N be a submodule of M(A). Then N = ©o-gtuaoAV) since M(A) is a weight 
module. Moreover, U(N) c n(M(/i)) = > 0}. If i e n(AT), then € N since 
* N (A) c M(/t) (/t) = /ta, and hence A 7 = M(i) in this case. If /I $ Yl(N), then n(A0 c 
{x'<l\i > 1}, and hence N c ©feiM(A)kU) = /(/I) in this case. It follows that is the 
unique maximal submodule of M( A) 

(f) Assume \%\ = s < oo. Then one can easily check that L(A,/3) is isomorphic to V(A,f3) 
for any /? £ k. It follows from Theorem l4.5f c) that Jp(A) is a maximal submodule of M(A) 
for any ft £ k x . 

Since |^| = s < oo, M(/l) = ®o<i< s -\M(A) (x i A) and 



Let A = k[x s ] be the subalgebra of H generated by x s . Then M(A)( X < A ) is a free A-module 
of rank 1 with A-basis x' ■ v A , where < i < s - 1. Notice that A is a polynomial algebra 
in one variable x" over k. Since A; is algebraically closed, every maximal ideal of A is of 
the form (x s - /3), the principal ideal generated by x s - f3, for some p £ k. Hence every 
maximal A-submodule of M{A)^x) has the form (x s - Pi) ■ (x l ■ v A ) = A(x s - fii)x l ■ v A for 
some Pi e k, where < i < s — 1 . 

Now assume that N be a maximal //-submodule of M(A). If N( A ) = M{A)( A) , then 
v A e M(A\ A) = N w c AT, which implies N = M(/t), a contradiction. Hence Afy) c M(A) W , 
and so A^yj is contained in a maximal A-submodule of M(A\ j q. 

If N w c (x 5 ) • v^, then A 7 c J(A) since A 7 ^) c J(A) for all < i < s - 1, and hence 
N = J(A) in this case. 

Now suppose N( A ) (x s ) ■ v A . Then N( A ) £ (x s -fio) ■ v A for some /3q £ k x . We claim 
that N^ A) + M{X)^ Xj , 1 < i < s - 1. In fact, if x' • e A 7 ^) for some 1 < i < s - 1, then 
x 1 • V/i = r 5- ' • (x 1 ' • v A ) e c (x s - jS > • vm, and so = /^(V • v A - (x s - #>) • £ 
(x s - Po) ■ v A , which is impossible since (x s - fio) ■ v A + M(A\x>. This shows the claim. 
Therefore, N^-i^ Q (x s - jl)x s ~ l ■ v A for some p E k. Let < i < s — 2. Then the map 
/ : M(A)(yi^ — > MC/l)^., ^) defined by f(m) = x^ 1- ' • m is an A-module isomorphism. 
Moreover, f{N ix , X) ) = x s " 1 " i ■ N (yA) c and /((x ! -/?>x ; ■ y,) = <x s - frxT 1 ■ v A . 

Hence f(N^i A )) c f((x s ~P)x l ■ v A ), which implies that N(y A) c (x s ~P)x' ■ v A . In particular, 



M{A\, X) = span{x" I+! • v A | n > 0}, < i < 5 - 1. 



Let N c M(/l) be a submodule. Then 
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s-1 

N( A ) £ {x s - P) ■ v A , and so ft + since N w £ (x s ) ■ v A . Now we have N = £ N(yU) £ 

!=0 

2 ((x s — fS)x' ■ v A ) = /^(/l). This forces = Jp{A) since Af is a maximal //-submodule of 

i=0 

M(A). a 

From the proof of Theorem l4.12f e) and (f), one gets the following corollary. 

Corollary 4.13. Let N be an H-submodule ofM(A), where A e G. IfN + M(A), then there 
exists a maximal H-submodule J of M(A) such that N Q J. 

Let k[x] denotes the subalgebra of H generated by x 

Proposition 4.14. Let M be an H-module, A e G. Then there exists an H-module epimor- 
phism from M(A) to M if and only if there is a weight vector v of weight A in M such that 
M = H-v = k[x] • v. 

Proof. If there is an //-module epimorphism / : M(A) — > M, then f{v A ) is a weight vector 
of weight A in M and M - f(M(A)) = f(H ■ v A ) — H ■ f(v A )- Conversely, assume there is 
a weight vector v of weight A in M such that M = H - v. Since \x' ■ v A \i > 0} is a fc-basis of 
M(A), one can define a fc-linear map / : M(A) — > M by f(x l ■ v A ) = x' ■ v, i > 0. Then it is 
easy to see that / is an //-module epimorphism from M(A) to M. a 

Proposition 4.15. (a) {M( A) \ A e G) is a set of non-isomorphic indecomposable projective 
objects in f W. 

Q°)If\x\ — °°> men {Ya I ^ e G] is a complete set of simple objects in f W. 

(c) If \x\ - s < oo, then {V A , V(cr,j8) | A € G, [cr] e G/Cf),yS € k x ] is a complete set of 
simple objects in < W. 



Proof. By Theorem l4.12f b). each M(A) is indecomposable. Let / : M — > L be an epimor- 
phism and g : M(A) — » L be a morphism in "W. Then /(M( T )) = L( T ) and g(M(/l)( T )) c L( T ) 
for any r e G. Hence there exists a weight vector m e M( A ) such that f(m) = g(v A ). Define 
(p : M(A) — > M by tp{h ■ v A ) = h ■ m, h e £[jc]. Since M(/t) is a free -module with a 
£[x]-basis v A , is well-defined. Obviously, <p is a ^[jc] -module map. Moreover, we have 
</>(g-(x'-v A )) = (p(x'(g)x'g-v A ) = x'(g)A(g)(x'-m) = x'(g)x' -(g-m) = g-(x'-m) = g-(p(x'-v A ) 
for all g e G and i > 0. Hence (p is an //-module morphism. Furthermore, one can easily 
check that f<p = g. Hence M(A) is an indecomposable projective object in *W for any 
AeG. Thus, by Theorem |4TT2T d), Part (a) follows. 

Let V be a simple object in r W. Since V is a weight module, one can pick up a nonzero 
weight vector v e V with weight A. Then V = H ■ v since V is simple. It follows from 
Proposition 14. 141 that V is isomorphic to a quotient module M(A)/N of M(A) modulo a 
submodule N. Since V is simple, is a maximal submodule of M(A). Thus, Parts (b) and 
(c) follow from Theorem |4J~2]c), (e), (f), Lemma l4~4[ b) and Proposition E2Jc). □ 



Now we consider the simple objects and indecomposable projective objects in f W' , 
Note that H' = H/I and TV' = M' f] *W, where / is the Hopf ideal of H as stated in 
Theorem l3.4l 
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Corollary 4.16. Let S be the complete set of finite dimensional simple H' -modules as 
given in Corollarv \4.10\ and Corollar\ \4.11\ Then S is a complete set of simple objects in 
TV". 

Proof. It follows from Corollary 14. 101 Corollary 14. 1 1 l and Proposition ^. 151 b) and (c). 

□ 

For any A e G, let M(A) := M(A)/(I ■ M(A)). Then M(A) is a weight //'-module. For 
m e M(A), let m denote the image of m under the canonical projection n : M(A) — > M(A). 
We have already known that / = if and only if^ _1 (a) is not a primitive «-th root of unity 
for any n > 2. 

Case 0:7 = 0. In this case, M(A) = M(A). Hence M(A) is indecomposable by Theo- 
rem l4.12f b). Moreover, for A, a 6 G, it follows from Theorem l4~T2f d) that M(A) s M(cr) 
if and only if A = cr. 

Now assume that x 1 (fl) is a primitive re-th root of unity for some re > 2, Then re < \%\ 
by Proposition l3.5f a). 

Case 1:7= (x n ). In this case, M(A) has a A:-basis {vj, x ■ vj, • • ■ , x"~ l ■ vj} satisfying the 
following relations: 

x ■ (x"- 1 ■ vT) = 0, g ■ (x l ■ vD =X i (g)Kg)x i -VA,geG,0<i<n-l. 

Hence an argument similar to the proof of Theorem 14. 5( a) shows that M(A) is indecom- 
posable. Moreover, for A, cr € G, an argument similar to the proof of Proposition I4.6f b) 
that M(A) s M(cr) if and only if A = cr. Note that M(A) s V(A, 0) if \x\ = n. 

Case 2: 7 = (*", 1- a") with a" + 1 and« < \x\. In this case, (1 -a")- = (l-A(a) n )v A . 
If A(a)" * 1,1 ■ M(A) = M(T), and so M(A) = 0. If A(a)" = 1, then it follows from an 
argument similar to Case 1 that M(A) is indecomposable. Moreover, for A, cr e G with 
A(a)" = cr(fl)" = 1, M(A) 3 M(cr) if and only if A = cr. 

Case 3:7= (jc" — yS( 1 — a")) with /3 e k x , a" + 1 and re = h^|. In this case, one can 
easily check that M(A) = V(A,/3(1 - A(a) n )). It follows from Theorem|43]a) that M(A) is 
indecomposable. Moreover, for A, cr € G, M(A) = M(cr) if and only if either A — cr, or 
[A] = [cr] and A(a) n + 1 {cr{a) n ) + 1). 

Corollary 4.17. Let A e G. IfM(X) + 0, then M(A) is an indecomposable projective object 
in <W'. 

Proof. Let A e G and assume M(X) + 0. Then M(A) is an indecomposable //'-module by 
the above discussion. Since a quotient module of a weight module is also a weight module, 
M(A) is an indecomposable object in f W' . Now let / : M — > L be an epimorphism in W 
(C "W), and g : M(A) -» L a morphism in TV" (c TV). Then by Proposition l4.15f a). there 
exists an //-module map <p ■ M(A) — » M such that /0 = ^7r. Since / ■ M — 0, we have 
(f>(l ■ M(A)) = I ■ (p(M(A)) = 0. Hence there is a unique //-module map \ji : M(A) — > M such 
that </ot = <p. Thus, /^/r = f<p — gn, and so ftfr - g since 7r is surjective. Note that iff is also 
a morphism in TV". This completes the proof. □ 
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